Invariantly Characterize Numerical Spacetimes

Abstract: This topic will cover the fundamental concepts related to the
Invariants characterizing numerical spacetimes. Initially, I intend to elucidate
the methodology employed in computing the electric and magnetic
components of the Weyl tensor through the utilization of the 3+1 slicing
formulation. And the presentation will include an exploration of the
relationship between the Weyl scalar and the electric and magnetic
components in terms of null tetrad basis. Finally, the Petrov classification and
fundamental invariants are presented.
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» In recent years, it has become increasingly common in numerical
relativity to extract gravitational wave information in terms of the
components of the Weyl curvature tensor with respect to a frame of null
vectors, using what is known as the Newman—Penrose formalism.

» They can be used to compare a numerical solution to an exact solution,
or two numerical solutions corresponding to the same physical system
but computed in different gauges.
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1. 3+1 slicing

2. Weyl tensor

3. The tetrad formalism

4. The Newman—Penrose formalism
5. Petrov classification

6. Spacetime Invariants
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3+1 slicing

Consider the 3+1 formalism:

This foliates the spacetime into spatial hypersurfaces with a spatial metric y,p
and a normal unit timelike vector n*: n%n, = —1 and n%y,z = 0.

The time coordinate is chosen such that it is constant on each of the spatial
slices, covered by the space coordinates, thereby defining coordinates adapted
to the foliation. Each time slice is mapped to the next by the lapse function «
and the shift vector g¥.

In this foliation-adapted coordinates, we can choose n, = (—a,0,0,0) and

nt = (1/a,-p'/a), p* = (0,B" ) and B, = (BrB*, B; ) with B; = y;;87. So,

the spacetime metric g,,,, and spatial metric y,,,, :

0 O
v — v T NNy = 1
T 9u 1 ( 0 gi ) (1)
v 1 v _a—2 05_26i
g’ =" —nfn” = ( a~2B ~i 2313 (2)

ds® = —a?dt® + v (dz’ + B'dt)(dz? + 37 dt) (3)
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3+1 slicing

The evolution of y,z Is given by the extrinsic curvature, where L,
represents the Lie derivative along n*. We can write

1

__En «Q

= —Vang — nantV,ng (4)

Kop =

orthogonal to n®: n“K,z = 0

Observably, the spatial metric y,p and extrinsic curvature K,z cannot be
chosen arbitrarily. Instead, they have to satisfy certain equations.

f)/afybfygf)/;(él)qurs — Rabcd + Kachd — chKad (5)
7@%;7: 8(4)qurs = —D Kpe + Dy Ky (6)

1
nn 'ya'yr(4)Rdrcq = L, K, — aDanoz — K. K} (7)
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3+1 slicing

So, we can get the equivalent form of Einstein’s equations: coupled
evolution equations and the constraint equations:

16mp = R+ K* — Kinij constraint (8)

{19t — D; (Kij _ ,yin) equations (9)

‘|j58t7ij = —2aK;; + D;B; + D;B; (10)
1

= _D.D. 9K Kk ) 2~ (S —
evolution tKig DiDja +a(Rij = 2K, Kj + KKij) — 8ma(S;; o Vi (S —p))

equations + /BkaKij + Kiij/Bk + Kijin (11)

where , g ¥
p=nampyT?, S = —y"nTo;, Sij = Yiavp T, S =77 Sy

ta
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Weyl tensor

The Riemann tensor has more independent components than the Ricci
tensor, which implies that it can be decomposed in terms of the Ricci and
an additional object known as the Weyl tensor, and defined for an n-
dimensional spacetime as

2 2
Coppw = Rappw = — |afuB)s = 9p[ulula) + Ak
(12)
Moreover, we can also easily see that it is traceless,
C%ar =0 (13)

Given an arbitrary timelike unit vector n¥, we define the electric E,, and
magnetic B, parts of the Wey! tensor as:

E, =n nBCa“[g,, (14)

B,, :=n nﬁc*uﬁy (15)
where C,, 5, is the so-called dual Weyl tensor:

* 1 )\O‘

apfu = 50045)\06
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Weyl tensor

If we now take the vector n" to be the unit normal vector to the spacelike
hypersurfaces in the 3+1 formalism, we can write the electric and magnetic
tensors in 3+1 formalism as

Eij = Rij + KKij — Ki K™ — 47 [Sz-j + %(@ _ S)] (17)

where D,,, is 3-dimensional covariant derivative.
Further more, E;; and B;; are symmetry and traceless,

Zj‘IB@J = €% (DmK” — 4mos" i")
= (67 6% — 67 6%) (DmK”j - 47?5;-”]'”)
= (D"K® —4né %) — (D*K" — 4wdtg™)
=D"K* —8nj®* —D“K =0 (19)
And the Weyl tensor can be decomposed as,

Caﬁ;u/ =2 (la[,u,Ey]ﬁ — lﬁ[,uEV]oz - n[p,Bu])\E)\aﬁ - n[aBB])\e)\,uy) (20)
where 1, == g, + 2n,n,,.
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The tetrad formalism

Up to this point we have assumed that the components of tensors are
always expressed in terms of a coordinate basis {&,}. However, in many
cases It i1s particularly useful to work instead with a basis that is
Independent of the coordinates.

At every point of spacetime, consider a set of four linearly independent
vectors {&4}, such that,

€(a)€(b) = M(a)(b) (21)

with n¢yp) 1S @ constant matrix independent of the position in spacetime.
In such a case the set of vectors {€,)} is called a tetrad.

So the tensor components can be expressed in the tetrad basis. For example,
for a rank 2 tensor we have

Twyw) =Twe) ewys T =Taym)€ ()€ v (22)
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The tetrad formalism

Basically, covariant derivatives can be express in terms of the tetrad basis
as

_ y B (e)
Ay (0) = €a) ey Vodu = Aw), ) =7 ()5 Ace) (23)

where
Aw), ) = €y Tndia) V@ ®)(e) =€) ) Ve (24)

We then see that the y(C)(a)(b) are nothing more than the connection
coefficients in the tetrad basis.
V@®)(e) = €(a) Ee) VD)

(a) _ v
Y(a)(b)(c)€ 1 = €(c) Vve(b)u

(a) = _ v =
T (b)) Ela) = €(c) V()

According to the equation(21)
Vi) = Vu(e(a;’e(b),,) = 0= ey Ve = —€wyp Ve (25)
Obviously,
V@®)(e) = ~VB)(a)(e) (26)
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The tetrad formalism

Advantages of tetrad:

» the tetrad components of any geometric object behave as scalars with
respect to coordinate changes.

» This means that in a general four-dimensional spacetime there are only
24 independent ¥4y (), Which is in contrast with the 40 independent

components of the Christoffel symbols 75, in a coordinate basis.
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The Newman—Penrose tetrad

The basic idea of the Newman—Penrose formalism is to introduce a tetrad

of null vectors.
u

Typically, we choose the vector €y S the unit normal to the spatial
hypersurfaces e(‘g) = n#, eé‘l) as the unit radial vector in spherical

coordinates, and {e(“z),e(‘;)} as unit vectors in the angular directions. Once
we have an orthonormal basis, we can construct the four null vectors:

1
H = (e“ + e )
(0) (1)
Real \ectors «[ \/5

1
wo.__ 7 Y

k= \/5(6(0) 6(1))

1
m = s () +iely))

Complex Vectors

mt ':L(e“ — e’ )
VRN (3)

what 1s known as a null tetrad, such as
LU =k kY =m,m” =m,m" =0,

Lymt =1,m! =k,m"=k,m" =0,

L' = —m,m!" = -1
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The Newman—Penrose tetrad

The definition of the null tetrad {I#, k¥, m*, m*} is based on the choice of
the original orthonormal tetrad {€,}. Such transformations are usually
separated into three distinct classes:

» Null rotations of class | which leave the vector [* unchanged?:
" — 1", mt — m" + al”
k' — k' +am” + am” + aal”, mt — mt 4 al” (32)
» Null rotations of class Il which leave the vector k* unchanged:
kH — kM, mt — m* + bkH
# — 1" + bm* + bim* + bbk*, mt — mH + bk* (33)

> Null rotations of class Il which leave the directions of [* and k* and
the product [#k,, unchanged:
* = A, m* — e¥mt

kH — AEM, mt — e Yt (34)

1.Every proper orthonormal Lorentz transformation leaves at least one null direction invariant.
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The Weyl scalars

As we have seen, the Weyl tensor has, in general, 10 independent
components. In the Newman—Penrose formalism those components can be
conveniently represented by five complex scalar quantities known as the
Wey!I scalars, and defined as

Vo = C1y3)(1)(3) = Capunl®mP1Fm” (35)
U = Cly)1)3) = Capu K 1Hm” (36)
Uy := Cry3ya)2) = Capulm m* k" (37)
U3 = Cy2))(2) = Capunl “kIm* (38)
Uy := Cloyay(2)(4) = Capurkm kHm” (39)

Using the definition of the electric and magnetic parts of the Weyl tensor

o 1 o
Uy =Q;;m'm’, Uy = ——Q;;m'e
0 Qj 1 \/§QJ

1 _
—Qweref,., \IJS — ﬁ@zgm e’
U, = Qijm 'm? (40)

with Q;; = E;; — iB;;, and where €, is the unit radial vector.
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The Weyl scalars

We can also invert these relations to express Q;; in terms of the ¥,
\I/()mimj + \I/4mimj + \1127"2'7“3' — \/5\1117’711;?"3' + \/illlgmi?“j

symmetry

A 4

\Ijomimj —+ \Il4mimj —+ \Ifg’l“i?"j — \/5\111(7”@?’7’113' + m,i’rj) —+ \/5\113(7“7;7713- + mi’l"j)

traceless

v
Qij = \pomimj —+ \I!4m,,;mj -+ \112(2?"@'7“3' — mimj — mimj)

— \/i\Ifl(T’imj + mﬁj) + \/5\113(7'2'7?13' -+ m@-rj) (41)

The expressions given above for the W, in terms of the electric and
magnetic tensors provide us with a particularly simple way of calculating
these scalars in the 3+1 approach: We start from the 3+1 expressions for E;;

and B;; and then use these tensors to construct the \¥,.
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Petrov classification

Notice first that the Weyl tensor can be completely specified in terms of the
five scalars ¥,. On the other hand, the W, clearly depend on the choice of
tetrad. We can then ask if it is possible to make a transformation of the
tetrad that will result in one or more of the ¥, becoming zero.

For a class I transformation the different Weyl scalars can be shown to

transform as,
‘I’O — \I’()

v, - ¥ 4+ aV¥y

Uy — Uy + 2005 + a? Ty,

Vs — Us + 3a¥s + 3a°0; + a’ ¥,

Uy — Uy +4a¥s + 6%V, + 4a° U, + a* ¥y, (42)
Similarly, under a class Il transformation we find that

Uy — Uo + 400, + 60° Wy + 40> Ws + b1,

Uy — Uy + 3005 + 3% W5 + b2y,

Uy — Uy + 20U5 + b2y,

Us — Ug 4+ bWy,

Uy — Uy (43)
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Petrov classification

Let us concentrate now on the class Il transformations. It is clear that after
such a transformation we can make ¥, vanish as long as we choose the
parameter b as one of the roots of the following quartic equation,

Wo + 4bW | + 6b° Uy + 40° W5 + bW, = 0 (44)

This leads to the Petrov classification that separates different spacetimes
Into six types according to the number of distinct root of (44),

» Petrov type I: All four roots are distinct: by, by, b3, b,.

TranslI Transl

{(Ys}— W =0—>oY, =0=>{¥,¥,, Y3} # 0

» Petrov type Il: Two roots coincide: by = by, b3, b,.
Trans.ll Trans.l

(W} — WY =¥ =0—> ¥, =0={¥,,¥3} # 0
» Petrov type I11: Three roots coincide: b][ = b, = b3, b,.

Trans.Jl Trans

{LIJS}—>LIJO — Lpl — Lpz — O_)LIJ4_ — O = {LIJB} * O
» Petrov type N: All four roots coincide: by = b, = by = b,.

Trans.ll

(W} — W=, =¥, =¥;=0=>{¥,} # 0
» Petrov type D: Two pairs of roots coincide: by = b,,b; = b,.
Trans.ll Trans.l

{(Ws}—o ¥ =¥, =0—o ¥, =¥; =0=>{¥,} # 0
» Petrov type O: The Weyl tensor vanishes identically.
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Spacetime Invariants

Two fundamental complex quantities commonly known as the | and J
scalars and defined as,

1 1
I:= 5605”,,60‘5“”, J 1= <Cap AoC%,, COPHY (45)

where Copuy = (Capuv — iCapuv)/4-

The above expressions can be rewritten in terms of the electric and
magnetic parts of Weyl tensor as
) P Y Lp = E? — B* = 2R(I)

1
I = §Qaanb M = E*’ B,z = —(I)
1
=3 [(EspE® — BapB™) — 2iE,,B™] | (46)
1 o
J = —ng-ijQ”’“

Ey;j (E,E"" — 3B B’*) +iBy; (B,B" — 3ELE'")],  (47)
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Spacetime Invariants

At the same time, we rewrite | and J in terms of the Weyl scalars ¥, :

[ =303 — 40,03 + U0y (48)
J = WoWaWy + 20 WyWy — U0z — U0, — U3
Vg ¥y ¥y
=| ¥, U, Wy (49)
Ty, U3 Uy

Invariants can be used to compare a numerical solution to an exact solution,
or two numerical solutions corresponding to the same physical system but
computed in different gauges.
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Spacetime Invariants

For Petrov type D spacetimes like Schwarzschild and Kerr, the only non-
zero Weyl scalar is W,. So we have

[=303, J=-U5=1]=27J° (50)

so that for a type D spacetime we will always have I3 = 27]2, regardless
of the choice of tetrad. For spacetimes of types Ill and N we havel = | =
0.
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Spacetime Invariants

Further scalar invariants are defined as
K =U,0; — 30,030, 4 203 (
L=Vy0, — V3
N =12L°% — V4L

According to the Petrov classification, we have an equivalent form

—~ o~
v Ot Ot
W N =
—_— —

Type Type Type Type Type
I I D II N
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Summarize

» Show the advantages of choosing a tetrad basis.

» Construct the relation between the electric and magnetic parts and the
Weyl scalars and the invariants.

» Provide the classification of spacetimes.
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Thank you for your attention and the
guestions
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